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d(G ) = supn fHn(G ;M) 6= 0 some MgEilenberg{Ganea (+ Stallings, Swan):If 
d(G ) 6= 2, then 
d(G ) equals thesmallest dimension of a K (G ; 1).Examples: 
d(Zn) = n, 
d(Fn) = 1Harer 1986, Culler{Vogtmann 1986 + Mess 1990, Ivanov 1984:v
d(Mod(Sg )) = 4g � 5
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h homology splitting.K(Sg ) = hT
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 separatingiTheorem (BBM)For g � 2, we have 
d(K(Sg )) = 2g � 3.
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iple: if G a
ts on a tree X , X=G is a tree, and edgestabilizers are trivial, then G is freely gen. by vertex stabilizers.The quotient tree for I(S2) is in�nitely many 
opies of

glued along their distinguished verti
es.
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Dimensions of mapping 
lass groupsTheorems v
d(Mod(Sg )) = 4g � 5
d(I(Sg )) = 3g � 5
d(K(Sg )) = 2g � 3
d(SI(Sg )) = g � 1 (Brendle{M)SI(Sg ) = ff 2 I(Sg ) : if = �g
i



Proof that
d(I(Sg )) � 3g � 5



A bound on 
ohomologi
al dimension due to QuillenG = groupX = 
ontra
tible CW-
omplexG 	 X



A bound on 
ohomologi
al dimension due to QuillenG = groupX = 
ontra
tible CW-
omplexG 	 X Cartan{Leray Spe
tral Sequen
e



A bound on 
ohomologi
al dimension due to QuillenG = groupX = 
ontra
tible CW-
omplexG 	 X Cartan{Leray Spe
tral Sequen
e
d(G ) � supf
d(Stab(�)) + dim(�)gwhere the supremum is over 
ells � of X .



An idea for a 
omplexFix any nonzero x 2 H1(S ;Z).
y z

y+z

3 2

y+z

3−t 2−t

t



An idea for a 
omplexFix any nonzero x 2 H1(S ;Z).Consider the spa
e of isotopy 
lasses of simple nonnegativexxx1-
y
les representing x .
y z

y+z

3 2

y+z

3−t 2−t

t



An idea for a 
omplexFix any nonzero x 2 H1(S ;Z).Consider the spa
e of isotopy 
lasses of simple nonnegativexxx1-
y
les representing x .Example: x = 3y + 2z
y+z

y z

3 2



An idea for a 
omplexFix any nonzero x 2 H1(S ;Z).Consider the spa
e of isotopy 
lasses of simple nonnegativexxx1-
y
les representing x .Example: x = 3y + 2z
y z

y+z

0

3 2

y+z



An idea for a 
omplexFix any nonzero x 2 H1(S ;Z).Consider the spa
e of isotopy 
lasses of simple nonnegativexxx1-
y
les representing x .Example: x = 3y + 2z
y z

y+z
y+z

3−t 2−t

t



An idea for a 
omplexFix any nonzero x 2 H1(S ;Z).Consider the spa
e of isotopy 
lasses of simple nonnegativexxx1-
y
les representing x .Example: x = 3y + 2z
y z

y+z
y+z

3−t 2−t

t

Nonnegativity  0 � t � 2.



An idea for a 
omplexFix any nonzero x 2 H1(S ;Z).Consider the spa
e of isotopy 
lasses of simple nonnegativexxx1-
y
les representing x .Example: x = 3y + 2z
y z

y+z
y+z

3−t 2−t

t

Nonnegativity  0 � t � 2. Resulting 
ell:
2

1 3 2
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b

c
(2,1)

e

a

d

f
(0,0)

(0,2) (1,2)

(2,0)x = [d ℄ + 2[e℄ + [f ℄
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lesCells Let x 2 H1(S ;Z) be �xed.S = the set of isotopy 
lasses of oriented 
urves in S .f1-
y
lesg $ RSLet M be an oriented multi
urve with no null-homologousxxxsub
y
les.Cell(M) = f 
 2 RS : 
 nonnegative;
 supported in M;
 represents x gFa
t: Cell(M) is a polytope.
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Theorem (BBM)B(Sg ) is 
ontra
tible.
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y
le representing x .
 =X ki
i
k j

k i k   − ki j

Fa
t: The result of surgery is a 1-
y
le.
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ontra
tible, andsupf
d(Stab(�) + dim(�)g � 1:Let fvg be a set of representatives for verti
es of G=X .Cartan{Leray Spe
tral Sequen
e )�H1(Stab(v)) ,! H1(G )Therefore, to prove that (H1 of) I(S2) is in�nitely generated, wejust need to show that H1 of some vertex stabilizer is in�nitelygenerated.
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ontra
tibilityLet M be an oriented multi
urve of nonseparating 
urves.Chamber(M) = f X 2 T (S) : all shortest 
y
les for x in Xare supported in M gKey Fa
t 1: Chambers are 
ontra
tible.Key Fa
t 2: Chamber(M) \ Chamber(M 0) 6= ;xxxxxxxxxxxx () Cell(M) \ Cell(M 0) 6= ;Proof that B(S) is 
ontra
tible: Its (
ontra
tible) 
ells fCell(M)gare glued in the same way as the 
ontra
tible 
hambers are gluedto form T (S), whi
h is 
ontra
tible. xxxxxxxxxxxxxxxxxxx Q.E.D.
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Analogy with Out(Fn)1! I(Fn)! Out(Fn)! GL(n;Z)! 1Nielsen 1924 + Magnus 1934: I(Fn) �nitely generated.Theorem (BBM '06)For n � 3, we have 
d(I(Fn)) = 2n � 4.Theorem (BBM '06)For n � 3, we have H2n�4(I(Fn);Z) is in�nitely generated.The proofs of the analogous theorems are in
ongruous.


