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Σg,1 = ª rb1 2 g

Mg,1 = π0 (Diff+(Σg,1, ∂Σg,1))
Mapping class group

Ig,1 = {ϕ ∈ Mg,1 | ϕ acts trivially on H = H1(Σg,1; Z)}
Torelli group

1 −→ Ig,1 −→ Mg,1 −→ Sp(2g; Z) −→ 1
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Γ0 = π1(Σg,1, b) is a free group generated by αi, βi.

α1 α2

β1
β2

γi = αi, γg+i = βi (i = 1, . . . , g)

.

Theorem. (Dehn, Nielsen, Zieschang)

.

.

.

. ..

.

.

Mg,1 =

{
ϕ ∈ AutΓ0

∣∣∣∣∣ ϕ

(
g∏

i=1

[αi, βi]

)
=

g∏
i=1

[αi, βi]

}
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Γ0 = π1(Σg,1, b) is a free group generated by γ1, . . . , γ2g.

γ1 γ2

γg+1
γg+2

γi = αi, γg+i = βi (i = 1, . . . , g)
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.

.

.

. ..

.

.
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.

Definition.

.

.

.

. ..

.

.

The following mapping r is called the Magnus representation of the
mapping class group

r : Mg,1 −→ GL(2g; Z[Γ0])

ϕ 7−→
(

∂ϕ(γj)
∂γi

)
i,j

where ∂
∂γi

is the Fox derivation

..

Fox derivation and ¯ is the mapping

induced by the antiautomorphism γ 7→ γ−1.

This mapping r is injective.
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r : Mg,1 −→ GL(2g; Z[Γ0])

.

Proposition. (Morita)

.

.

.

. ..

.

.

For ϕ,ψ ∈ Mg,1,
r(ϕψ) = r(ϕ) · ϕr(ψ)

Here ϕr(ψ) denotes the matrix obtained from r(ψ) by applying the
automorphism ϕ : Z[Γ0] → Z[Γ0] on each entry.
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Γk : the k-th term of the lower central series of Γ0.
i.e. Γk+1 = [Γk, Γ0]

Nk = Γ0/Γk : the k-th nilpotent quotient
φk : Γ0 → Nk : the projection

M(k) = {ϕ ∈ Mg,1 | ϕ acts trivially on Nk}

Example. k = 1

N1 = Γ0/[Γ0,Γ0] = H

φ1 : Γ0 −→ H
αi 7−→ xi

βi 7−→ yi

: abelianization

M(1) = Ig,1 : Torelli group
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.

graded Magnus representation

.

.

.

. ..

.

.

Mg,1

S

r // GL(2g; Z[Γ0])

φk

��
M(k)

rk // GL(2g; Z[Nk])

.

Proposition. (Morita)

.

.

.

. ..

.

.

For ϕ,ψ ∈ Mg,1,
r(ϕψ) = r(ϕ) · ϕr(ψ)

Here ϕr(ψ) denotes the matrix obtained from r(ψ) by applying the
automorphism ϕ : Z[Γ0] → Z[Γ0] on each entry.
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.

graded Magnus representation

.

.

.

. ..

.

.

Mg,1

S

r // GL(2g; Z[Γ0])

φk

��
M(k)

rk // GL(2g; Z[Nk])

rk is a genuine representation.

Proof.
Since M(k) acts trivially on Z[Nk]. For ϕ, ψ ∈ M(k),

rk(ϕψ) = rk(ϕ) · rk(ψ)
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.

graded Magnus representation

.

.

.

. ..

.

.

Mg,1

S

r // GL(2g; Z[Γ0])

φk

��
M(k)

rk // GL(2g; Z[Nk])

.

Magnus representation of the Torelli group

.

.

.

. ..

.

.

r1 : Ig,1 −→ GL(2g; Z[H])
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.

Magnus representation

.

.

.

. ..

.

.

r : Mg,1 −→ GL(2g; Z[Γ0])

p : Σ̃ −→ Σg,1 : the universal covering

ϕ : Σg,1 −→ Σg,1 : diffeomorphism

Ã ϕ̃ : Σ̃ −→ Σ̃ : diffeomorphism

(fix the fiber over b pointwise)

Ã ϕ̃∗ : H1(Σ̃, p−1(b); Z) −→ H1(Σ̃, p−1(b); Z)

Mg,1 acts on H1(Σ̃, p−1(b); Z)
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Mg,1 acts on H1(Σ̃, p−1(b); Z)

p : Σ̃ −→ Σg,1 : the universal covering
The covering transformation group is Γ0.
We fix a lift of b to Σ̃ denoted by b̃.

γi : a generator for Γ0 (i = 1, 2, . . . , 2g)
γ̃i : the lift of γi to Σ̃ starting at b̃

H1(Σ̃, p−1(b); Z) :
a free Z[Γ0]-module with free basis [γ̃1], [γ̃2], . . . , [γ̃2g].

Mg,1 acts on H1(Σ̃, p−1(b); Z) ' Z[Γ0]2g
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Mg,1 acts on H1(Σ̃, p−1(b); Z) ' Z[Γ0]2g

If we regard H1(Σ̃, p−1(b); Z) as a free Z[Γ0]-module of rank 2g,
then we can identify ϕ̃∗ with the matrix and also write ϕ̃∗ for it.

.

Geometric interpretation of the Magnus representation

.

.

.

. ..

.

.

r : Mg,1 −→ GL(2g; Z[Γ0])
ϕ 7−→ tϕ̃∗

where ¯ is a mapping induced by γ 7→ γ−1.
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Γk+1 = [Γk, Γ0], Nk = Γ0/Γk, φk : Γ0 → Nk

pk : Σ(k) −→ Σg,1 : the regular covering corresponding to kerφk

qk : Σ̃ −→ Σ(k) : the projection

Σ̃

p

��

q1 ""DD
DD

DD
DD

D
q2

((RRRRRRRRRRRRRRRRRR

Σ(1)

p1

||zz
zz

zz
zz

Σ(2)oo

p2

vvllllllllllllllll · · ·oo

Σg,1

Example.
φ1 : Γ0 → H : abelianization
p1 : Σ(1) → Σg,1 is the universal abelian covering
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H1(Σ(k), p
−1
k (b); Z) :

a free Z[Nk]-module with free basis [qk(γ̃1)], [qk(γ̃2)], . . . , [qk(γ̃2g)].

M(k) acts on H1(Σ(k), p
−1
k (b); Z) ' Z[Nk]2g

.

graded Magnus representation

.

.

.

. ..

.

.

rk : M(k) −→ GL(2g; Z[Nk])

Example.

Ig,1 acts on H1(Σ(1), p
−1
1 (b); Z) ' Z[H]2g

r1 : Ig,1 −→ GL(2g; Z[H])

The Magnus representation of the Torelli group
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H1(Σ(k), p
−1
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M(k) acts on H1(Σ(k), p
−1
k (b); Z) ' Z[Nk]2g

.

graded Magnus representation

.

.

.

. ..

.
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.

Theorem. (Morita)

.

.

.

. ..

.

.

rk : M(k)
r // GL(2g; Z[Γ0])

/Ik

// GL(2g; Z[Γ0]/Ik)

M(k)
τk // Hom(H, Γk/Γk+1)

‖·‖ // M(2g, Ik/Ik+1)

rk(ϕ) = I2g + ‖τk(ϕ)‖ for any ϕ ∈ M(k)

where
I : the augmentation ideal of Z[Γ0]
τk : the k-th Johnson homomorphism

‖f‖ =
(

∂f([γj ])
∂γi

)
i,j

for f ∈ Hom(H, Γk/Γk+1)

I2g : the identity matrix
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Example. ϕ1 ∈ I3,1 : standard genus 1 BP map

x1

y1 y2

τ1 : I3,1

ϕ1

−→
7−→

∧3H
x1 ∧ y1 ∧ y2

1-st Johnson hom.

r1(ϕ1) = I6 + ‖τ1(ϕ1)‖, ‖τ1(ϕ1)‖ ∈ M(6, I/I2) ' M(6,H)

u1, u2, u3, v1, v2, v3 : generators of I/I2 ' H

r1(ϕ1) = I6 +



−v2 v1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 −u1 0 −v2 0 0
u1 0 0 v1 0 0
0 0 0 0 0 0


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Example. ϕ2 ∈ I3,1 : standard genus 2 BP map

x1 x2

y1 y2 y3

τ1 : I3,1

ϕ2

−→
7−→

∧3H
x1 ∧ y1 ∧ y3 + x2 ∧ y2 ∧ y3

1-st Johnson hom.

r1(ϕ2) = I6 + ‖τ1(ϕ2)‖, ‖τ1(ϕ2)‖ ∈ M(6, I/I2) ' M(6,H)

u1, u2, u3, v1, v2, v3 : generators of I/I2 ' H

r1(ϕ2) = I6 +



−v3 0 v1 0 0 0
0 −v3 v2 0 0 0
0 0 0 0 0 0
0 0 −u1 −v3 0 0
0 0 −u2 0 −v3 0
u1 u2 0 v1 v2 0


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r1 : Ig,1 −→ GL(2g; Z[H])

.

Theorem. (S. 2003)

.

.

.

. ..

.

.

For g ≥ 2 there exists a non-singular matrix P ∈ GL(2g; R) such
that for any element ϕ ∈ Ig,1

P−1r1(ϕ)P =


1 ∗ ∗
0
... ρB(ϕ) ∗

0 0 · · · 0 1

 .

Moreover, ρB is a (2g− 2)-dimensional irreducible representation of
Ig,1. Here R = Z[xi

±1, yi
±1, 1

1−yi
] (⊃ Z[H])
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r1 : Ig,1 −→ GL(2g; Z[H])

.

Theorem. (S. 2002)

.

.

.

. ..

.

.

The Magnus representation of the Torelli group is not faithful for
g ≥ 2.

Example. (2000)

ϕ1 ϕ2

[ϕ1, ϕ2ϕ1ϕ
−1
2 ] ∈ ker r1
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.

Definition.

.

.

.

. ..

.

.

c1, c2 : oriented bounding simple closed curves on Σg,1

〈c1, c2〉H =
∑
h∈H

(hĉ1, ĉ2) h ∈ Z[H]

ĉ1, ĉ2 : the lifts of c1, c2 to the universal abelian covering Σ(1)

( · , · ) : the algebraic intersection number

.

Proposition. (S. 2006)

.

.

.

. ..

.

.

c1, c2 : two bounding simple closed curves
Tc1 , Tc2 : the Dehn twists along c1, c2 respectively.

〈c1, c2〉H = 0 =⇒ [Tc1 , Tc2 ] ∈ ker r1
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Example.

c1

c2

〈c1, c2〉H = 0

[Tc1 , Tc2 ] ∈ ker r1
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Example.

c1

c2

〈c1, c2〉H = 0

[Tc1 , Tc2 ] ∈ ker r1
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.

Corollary.

.

.

.

. ..

.

.

c1, c2 : two bounding simple closed curves

i(c1, c2) = 2 =⇒ [Tc1 , Tc2 ] ∈ ker r1

where i( · , · ) is the geometric intersection number

Example.

c1
c2

[Tc1 , Tc2 ] ∈ ker r1
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.

. ..
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.

Theorem. (S. 2005)

.

.

.

. ..

.

.

c1, c2 : two bounding simple closed curves

[Tc1 , Tc2 ] ∈ ker r1 ⇐⇒ det(λI2g − r1(Tc1Tc2)) = (λ − 1)2g

.

Remark.

.

.

.

. ..

.

.

c : a bounding simple closed curve

det(λI2g − r1(Tc)) = (λ − 1)2g

Proof. (outline)

−〈c1, c2〉H · 〈c2, c1〉H = tr(I2g − r1(Tc1Tc2))
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G = ker(Ig,1 −→ Ig) : the kernel of disc-filling homomorphism

.

Proposition.

.

.

.

. ..

.

.

c : a bounding simple closed curve, γ̃ ∈ G

[Tc, γ̃Tcγ̃
−1] ∈ ker r1

Example.

c c1

c2

Tc1T
−1
c2 ∈ G =⇒ [Tc, Tc1T

−1
c2 Tc(Tc1T

−1
c2 )−1] ∈ ker r1
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G = ker(Ig,1 −→ Ig) : the kernel of disc-filling homomorphism

.

Proposition.

.

.

.

. ..

.

.

c : a bounding simple closed curve, γ̃ ∈ G

[Tc, γ̃Tcγ̃
−1] ∈ ker r1

Example. (2000)

c c1

[Tc, Tc1TcT
−1
c1 ] ∈ ker r1
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G = ker(Ig,1 −→ Ig) : the kernel of disc-filling homomorphism

G(0) = G, G(k+1) = [G(k), G(k)]
G(0) = G, G(k+1) = [G(k), G]

.

Theorem. (S.)

.

.

.

. ..

.

.

I G(3) ⊂ ker r1 , [G(2), Ig,1] ⊂ ker r1

I G(n) 6⊂ ker r1 for any n

.

Remark. (S. 2003)

.

.

.

. ..

.

.

I I(n) 6⊂ ker r1 for any n
where I(0) = Ig,1, I(k+1) = [I(k), Ig,1]
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Example. (2007)
c1

c2 c3

c4

[[Tc1 , Tc2 ], [Tc3 , Tc4 ]] ∈ ker r1

[Tc1 , Tc2 ], [Tc3 , Tc4 ] ∈ G(1) =⇒ [[Tc1 , Tc2 ], [Tc3 , Tc4 ]] ∈ G(2)
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.

Problem.

.

.

.

. ..

.

.

Is the graded Magnus representation faithful for k ≥ 2 ?

rk : M(k) −→ GL(2g; Z[Nk])

¶ ³
[ker r1, ker r1] 6⊂ ker r2 ?µ ´

Example.
c1

c2 c3

[Tc1 , Tc2 ], [Tc1 , Tc3 ] ∈ ker r1

[[Tc1 , Tc2 ], [Tc1 , Tc3 ]] 6∈ ker r2 ?
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r1 : Ig,1 −→ GL(2g; Z[H])

.

Problem.

.

.

.

. ..

.

.

Is the kernel of r1 finitely generated?

.

Theorem. (Biss-Farb, 2006)

.

.

.

. ..

.

.

Kg is not finitely generated.
(Then Kg,1(= M(2)) is not finitely generated. )

They constructed a series of elements of Kg satisfying a certain
condition.
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r1 : Ig,1 −→ GL(2g; Z[H])

.

Problem. (Morita)

.

.

.

. ..

.

.

d1 : Kg −→ Z, d1 is a generator of H1(Kg, Z)Mg

Determine whether r1 detects d1 or not. In other words, does there
exist some ϕ ∈ ker r1 so that d1(ϕ) 6= 0.

.

Remark.

.

.

.

. ..

.

.

I Kg,1 −→ Kg : disc-filling

I ker r1 ⊂ Kg,1

I ϕ ∈ [Kg,1,Kg,1] =⇒ d1(ϕ) = 0
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r1 : Ig,1 −→ GL(2g; Z[H])

.

Problem.

.

.

.

. ..

.

.

Does there exists a pair of BP maps ϕ1, ϕ2 so that [ϕ1, ϕ2] ∈ ker r1?

.

Theorem. (Johnson)

.

.

.

. ..

. .

Ig,1 is generated by genus 1 BP maps for g ≥ 3.

.

Proposition. (S. 2007)

.

.

.

. ..

.

.

For g = 2,
ϕ1 : genus 1 BP map

[ϕ1, ψϕ1ψ
−1] 6∈ ker r1 for any ψ ∈ I2,1
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r1 : Ig,1 −→ GL(2g; Z[H])

.

Problem.

.

.

.

. ..

.

.

ker r1 ⊂ ker(I2,1 → I2)? for g = 2

ϕ1 ϕ2

[ϕ1, ϕ2ϕ1ϕ
−1
2 ] ∈ ker r1

.

Remark.

.

.

.

. ..

.

.

ker r1 6⊂ ker(Ig,1 → Ig) for g ≥ 3
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.

Definition.

.

.

.

. ..

.

.

∂

∂xj
: Z[Fu] −→ Z[Fu] : the Fox derivation

∂

∂xj
(xε1

µ1
· · ·xεr

µr
) =

r∑
i=1

εi δµi,j xε1
µ1

· · ·xεi−1
µi−1x

1
2
(εi−1)

µi ,

∂

∂xj

(∑
aw w

)
=

∑
aw

∂w

∂xj
,

εi = ±1, w ∈ Fu, aw ∈ Z.

..

Back
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