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Yg1 = OOO ———————————— p

Mg,l = T (Diff+(Zg’1, 82971))
Mapping class group

01 = {p €My pacts trivially on H = Hy(X,1;7Z)}
Torelli group

1 — Ig,l — Mg,l — Sp(?g;Z) — 1
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o =m(Xg,1,b) is a free group generated by «;, f3;.

Y = 06, Yg+i = B (i=1,...,9)
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o =m1(X4,1,b) is a free group generated by 71, ..., 72g.

Y =06, Yg+i = B (i=1,...,9)
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Definition.
The following mapping r is called the Magnus representation of the
mapping class group

r: Mg1 — GL(2g;Z[T))

9¢(v;)
¥ 0v; .
17]

where 8‘21_ is the Fox derivation and ~ is the mapping
1

induced by the antiautomorphism v +— v~ .
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Definition.

The following mapping r is called the Magnus representation of the
mapping class group

r: Mg1 — GL(2g;Z[T))
8 .

© — 733(’7:) N

1,7

9_ s the Fox derivation and ~ is the mapping

07i
induced by the antiautomorphism ~ — 771

where

This mapping r is injective.
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r: Mg1 — GL(2g; Z[T'y))

Proposition. (Morita)

For ,9 € My,
r(ey) = r(p) - “r(¥)

Here #r(v)) denotes the matrix obtained from r(¢)) by applying the
automorphism ¢ : Z[T'g] — Z['y] on each entry.
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I’y : the k-th term of the lower central series of I'y.
i.e. Ipy1 = [Tk, Lo

Ny =T/T'y : the k-th nilpotent quotient
¢ : o — Ng : the projection

My = {p € Mg | ¢ acts trivially on Ny}
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I’y : the k-th term of the lower central series of I'y.
i.e. Ipy1 = [Tk, Lo

Ny =T/T'y : the k-th nilpotent quotient
¢ : I'g — N : the projection

My = {p € Mg | ¢ acts trivially on Ny}

Example. £ =1
Ny =To/[To,To] = H

¢1: T'o — H : abelianization
o @
Bi — i

M)y =141 : Torelli group
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graded Magnus representation

Mg1 —= GL(2g;Z[))
U lm
My —>  GL(2g;Z[Ny])

Proposition. (Morita)

For ,9 € My,
r(ey) =r(p) - “r(¥)

Here #r(v)) denotes the matrix obtained from r(¢) by applying the
automorphism ¢ : Z[['g] — Z[I'o] on each entry.
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graded Magnus representation

Mg1 —— GL(2¢;Z[Ty))
U l@c

Tk

My —  GL(2g;Z[N])

T} IS @ genuine representation.

Proof.
Since My, acts trivially on Z[Ny]. For ,% € My,

re(ey) = ri(e) - ri(¥)
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graded Magnus representation

Mg1 —= GL(2g;Z[))
U l%
My —>  GL(2g;Z[Ni])

Magnus representation of the Torelli group

1 :Zg1 — GL(2g;Z[H))
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Magnus representation

r: Mg1 — GL(2g; Z[T'y))

p: X — Xg1 : the universal covering
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Magnus representation
r: Mg1 — GL(2g; Z[T'y))

p: X — Xg1 : the universal covering

@: Xg1— g1 : diffeomorphism

5: Y -— Y diffeomorphism
(fix the fiber over b pointwise)

Dy Hl(i,p_l(b);Z)HHl(iap_l(b);Z)
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Magnus representation
r: Mg1 — GL(2g; Z[T'y))

D Y — Y41 : the universal covering
@: Xg1— g1 : diffeomorphism

5: Y -— Y diffeomorphism

(fix the fiber over b pointwise)

Dy Hl(i,p_l(b);Z)HHl(iap_l(b);Z)

M1 acts on Hy(Z,p ' (b); Z)
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Mg.1 acts on Hi (2, p~ 1 (b); 2)

D Y — Y41 : the universal covering
The covering transformation group is I'g.
We fix a lift of b to 3 denoted by b.

7; © a generator for Iy (i =1,2,...,29)
7; : the lift of v; to X starting at b
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Mg.1 acts on Hi (2, p~ 1 (b); 2)

D Y — Y41 : the universal covering
The covering transformatlon group is I'o.
We fix a lift of b to 3 denoted by b.

7; © a generator for Iy (i =1,2,...,29)
7; : the lift of v; to X starting at b

Hi(S,p 7' (b);Z) :
a free Z[I'g]-module with free basis [71], V2], - ., [724]-

M, acts on Hy(3,p 1 (b); Z) ~ Z[[o]¥
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Mg 1 acts on Hi(S,p ' (b); Z) ~ Z[Ty)%

If we regard Hy (2, p~1(b); Z) as a free Z[I'g]-module of rank 2g,
then we can identify @, with the matrix and also write @, for it.
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Mg 1 acts on Hi(S,p ' (b); Z) ~ Z[Ty)%

If we regard Hy (2, p~1(b); Z) as a free Z[I'g]-module of rank 2g,
then we can identify @, with the matrix and also write @, for it.

Geometric interpretation of the Magnus representation

r: Mg1 — GL(2g;Z[I))
o tpu

where ~ is a mapping induced by v — 771

Masaaki Suzuki On the Magnus representation of the mapping class group



Liy1 =Tk Lo, Neg=To/Tk, ¢r:To— Ni

Pk © Xy — g1 : the regular covering corresponding to ker ¢
qrk + X — () : the projection

Example.
¢1 : T'g — H : abelianization
p1: X(1) — X1 is the universal abelian covering
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Hi(Swy py (0);2) :
a free Z[Nj]-module with free basis [qx(71)], [qx(72)], - - -, [ak(F24)]-

M(k) acts on Hl(E(k),plzl(b);Z) ~ Z[Nk]2g

graded Magnus representation

Tk My — GL(2g; Z[Ng])
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Hi (S, 0, (b): Z) -
a free Z[Nj]-module with free basis [qx(71)], [qx(72)], - - -, [ak(F24)]-

M}y acts on Hl(E(k),plzl(b);Z) ~ Z[Nk]2g

graded Magnus representation

Tk : My — GL(2g; Z[Ng])

Example.
Z41 acts on Hl(E(l),pl_l(b);Z) ~ Z[H]*
r1:Zg1 — GL(2g;Z[H])

The Magnus representation of the Torelli group

Masaaki Suzuki On the Magnus representation of the mapping class group



Theorem. (Morita)

— r Ik
Tk : Mr) —— GL(2g; Z[T'o]) L GL(2g; Z[To]/T*)
Mgy > Hom(H, T /Tk41) A, M(2g, I* /1)

Tr(p) = g + IT(@)| forany v € M
where
I : the augmentation ideal of Z[I'y]
: the k-th Johnson homomorphism
d
141 = (P45R), for f & Hom(H.I¢/Tis)
I, : the |dent|ty matrix
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<
—
<
N

Example. ¢y € I3 : standard genus 1 BP map

e
=
-

T1: 131 — NS H 1-st Johnson hom.
Y1 = T1NAY1N\Y2

(1) = Io+lIm(en)ll, im0l € M(6,1/17) = M(6, H)

U1, Uz, Uz, V1, Vo, v3 : generators of I/1% ~ H

—vy vy 0 0 0 O
0O 0 0 0 00
o 0O 0 0 0 00
i) =l + | —u; 0 —uy 0 0
wy 0 0 w 00
0O 0 0 0 00
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Y2 Y3

Example. o € 731 : standard genus 2 BP map =L
- & & .

T I3 — NH 1-st Johnson hom.
w2 = 1A AYs+T2AY2 AY3

i(p2) = Io+[Im(e2)ll,  lImu(w2)ll € M(6,1/17) = M(6, H)

U1, Uz, Uz, V1, Vo, v3 : generators of I/1% ~ H

—7U3 0 (%] 0 0 0

0 —U3 V9 0 0 0

N 0 0 0 0 0
mle) =Tt o 0y e 0 0
0

0
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r1:Zg1 — GL(2g; Z[H])

Theorem. (S. 2003)

For g > 2 there exists a non-singular matrix P € GL(2g; R) such
that for any element ¢ € 7 ;

1 * *
0

Plri(p)P = pp(p) | *
0[0 - 01

Moreover, pp is a (2g — 2)-dimensional irreducible representation of

Zy1. Here R = Lz, gt 1%%] (D Z[H))

Masaaki Suzuki On the Magnus representation of the mapping class group



r1:Zy1 — GL(2g; Z[H])

Theorem. (S. 2002)

The Magnus representation of the Torelli group is not faithful for
g=>2.
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r1:Zy1 — GL(2g; Z[H])

Theorem. (S. 2002)
The Magnus representation of the Torelli group is not faithful for
g=>2.

Example. (2000)

Celd) Cog(

#1 ©2

[p1, 20105 '] € kerry
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Definition.
c1, ¢z : oriented bounding simple closed curves on X, 1

(cr,em =S (héi, &) h € Z[H]
heH

c1, ¢y : the lifts of c1, ca to the universal abelian covering ¥y
(-, +) : the algebraic intersection number
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Definition.

c1, ¢z : oriented bounding simple closed curves on X, 1
(o) = S (héi,G)h € Z|H]
heH

c1, ¢y : the lifts of c1, ca to the universal abelian covering ¥y
(-, +) : the algebraic intersection number

Proposition. (S. 2006)

c1,co : two bounding simple closed curves
T.,,T., : the Dehn twists along ¢y, ca respectively.

<Cl, CQ)H =0= [TCNTCQ] € kerry
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Example.

(c1,e2)p =0

[T, Te,] € kerry
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(c1,e2)p =0

[T, Te,] € kerry
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c1,co : two bounding simple closed curves

i(ci,c2) =2 = [I¢,,T¢,] € kerry

where i( -, -) is the geometric intersection number

Masaaki Suzuki On the Magnus representation of the mapping class group



c1,co : two bounding simple closed curves
i(c1,c0) =2 = [T¢y,Te,] € kerry

where i( -, -) is the geometric intersection number

Example.

[Te,, Te,] € kerry
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Theorem. (S. 2005)

c1,co : two bounding simple closed curves

[Ty, Tey] € kerry <= det(Aoy — 11(Te, Tey)) = (A — 1)

Masaaki Suzuki On the Magnus representation of the mapping class group



Theorem. (S. 2005)

c1,co : two bounding simple closed curves

[Ty, Tey] € kerry <= det(Aoy — 11(Te, Tey)) = (A — 1)

¢ : a bounding simple closed curve

det( A2y — 71(T0)) = (A — 1)%

Proof. (outline)

—(c1,e2)m - (e, c1)p = tr(Log — 11 (Te, Tey))
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G =ker(Zy1 — Zy) : the kernel of disc-filling homomorphism
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G =ker(Zy1 — Zy) : the kernel of disc-filling homomorphism

Proposition.

¢ : a bounding simple closed curve, 7€ G

[T, 7T.7" Y] € ker
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G =ker(Zy1 — Zy) : the kernel of disc-filling homomorphism

Proposition.

¢ : a bounding simple closed curve, 7€ G

[T, 7T.7" Y] € ker

Example.
C2
.l.
C C1

T.T.,' € G=[T., T,,T'T.(T.,T;")""] € kerry
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G =ker(Z,1 — Zy) : the kernel of disc-filling homomorphism

Proposition.

¢ : a bounding simple closed curve, € G

[T, 3T € kerry

c C1

Example. (2000)

[T., T.,T.T."] € kerry
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G =ker(Zy1 — Zy) : the kernel of disc-filling homomorphism

GO =g, GF =gk gk
Goy=G, Gy =[G, Gl

» GO C kerry , [G(Q),IQJ] C kerrg
» G() ¢ kerry for any n

Remark. (S. 2003)

> Z(n) € kerry  for any n
where I(O) =741, I(k+1) = [I(k)>Ig,1]

Masaaki Suzuki On the Magnus representation of the mapping class group



Example. (2007)

C1 Ca
Co c3

[[Tcl ) TCQ]? [T03 ) Tc4]] € kerry
[T("l’TQ]’ [T(«’:MTM] € G(l) == HT(uaTcz]a [T(fera;H € G(Q)
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Is the graded Magnus representation faithful for £ > 2 ?

Tk Mgy — GL(2g; Z[Ny])
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Problem.

Is the graded Magnus representation faithful for £ > 2 ?

Tk Mgy — GL(2g; Z[Ny])

[ [kerry, kerri] & kerrg 7 )

Example.
C1
t‘!. [Ters Tes ), [Ty, Tep] € kerry
H [[T017T02]7 [T017T03H ¢ ker )] ?

C2 €3
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1 :Zg1 — GL(2¢9;Z[H))

Problem.

Is the kernel of ry finitely generated?
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1 :Zg1 — GL(2¢9;Z[H))

Problem.
Is the kernel of r; finitely generated?

Theorem. (Biss-Farb, 2006)

KCg4 is not finitely generated.
(Then Ky 1(= M g)) is not finitely generated. )

They constructed a series of elements of K, satisfying a certain
condition.
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r1:Zg1 — GL(2¢9;Z[H))

Problem. (Morita)

di: Ky — Z, dj is a generator of Hl(ng,Z)Mg

Determine whether r; detects d; or not. In other words, does there
exist some ¢ € kerr; so that d;(¢) # 0.

Remark.

| A\

> Kg1 — Kg4 : disc-filling
> kerr; C Ky
> € [Kg1,Kga] = di(p) =0
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r1:Zg1 — GL(2¢9;Z[H))

Problem. (Morita)

di: Ky — Z, dj is a generator of Hl(ng,Z)Mg

Determine whether r; detects d; or not. In other words, does there
exist some ¢ € kerr; so that d;(¢) # 0.

Remark.

| A\

> Kg1 — Kg4 : disc-filling
> kerr; C Ky
> € [Zy1,Kg1] = di(p) =0
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1 :Zg1 — GL(2¢9;Z[H))

Problem.

Does there exists a pair of BP maps 1, ¢ so that [p1, 2] € kerr;?
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1 :Zg1 — GL(2¢9;Z[H))

Problem.

Does there exists a pair of BP maps 1, ¢ so that [p1, 2] € kerr;?

Theorem. (Johnson)

7, is generated by genus 1 BP maps for g > 3.

Proposition. (S. 2007)

For g = 2,
1 : genus 1 BP map

[o1, 019~ g kerry  forany ¢ € Tos
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r1:Zg1 — GL(2¢9;Z[H))

Problem.

Does there exists a pair of BP maps 1, ¢ so that [p1, 2] € kerr;?

Proposition. (S. 2007)
For g = 2,
1 : genus 1 BP map

[p1, 19| & kermy for any ¢ € Iy 1

Problem.

| \

1 : genus 1 BP map

[p1, 019~ | € kerry 2 forany ¢ € T,
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r1:Zg1 — GL(2¢9;Z[H))

Problem.

Does there exists a pair of BP maps 1, ¢ so that [p1, 2] € kerr;?

Proposition. (S. 2007)
For g = 2,
1 : genus 1 BP map

[p1, 19| & kermy for any ¢ € Iy 1

Problem.

| \

1 : genus 1 BP map

(1, T/J<P1¢_l] Zkerry ? for any ¢ € Mg
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r1:Ign — GL(2g; Z[H])

Problem.

kerry C ker(Zpy — I)?  for g =2

Celd) Cog(

®1 ©2

(o1, p20105 '] € kerry

kerry ¢ ker(Zy1 — Z,) for g >3

Masaaki Suzuki On the Magnus representation of the mapping class group



r1:Zg1 — GL(2¢g;Z[H))

Problem.

kerry C ker(Zp1 — I)?  for g =2

Celd) Cog(

P1 (2))

(01, 20105 '] € ker(Zoy — o)

kerry ¢ ker(Zy1 — Z,) forg >3
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0
— : Z|F,] — Z[F,] : the Fox derivation
al’j
9 e € - € eic1, 5(ei—1)
ax.(@uﬁ x,u:) = ZEi Opuisg x,ull S T T )
J =il

j%(zaww) _ Zang“;,

g ==x1, weF,, a, € 7Z.
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